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Introduction

The signal in time domain can be represented in the g p
frequency domain, where it is viewed as consisting of 
sinusoidal components at various frequencies.p q
This frequency-domain description is called the 
spectrumspectrum.
Line spectra are based on the Fourier series (FS) 
expansion of periodic continuous-time signals.
Continuous spectra are based on the Fourier transformContinuous spectra are based on the Fourier transform
(FT) of aperiodic continuous-time signals.
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Sinusoidal Waveform

Consider a sinusoidal or AC waveform:

( ) ( )φω += tAtv 0cos A

( )φcosA

f

where

0ω
φ

−

f

A =  peak value or amplitude

= radian frequency2 fπω =

0
0

2

ω
π

=T

=  radian frequency

=  phase angleφ

00 2 fπω =

0
0

1

T
f =Fundamental frequency  ⇒
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Phasor

v(t)  ⇒ an eternal sinusoidal  ⇒ usually will be represented by a 
complex exponential or phasor.
Euler’s theorem:

( ) ( )θθθ sincos je j +=± 1−=j

( ) ( )[ ] [ ]φωφωφ jtjtj +( ) ( )[ ] [ ]φωφωφω jtjtj eeAeAtA 00 ReRecos 0 ==+ +

can be viewed as a rotatingIm
f can be viewed as a rotating

vector in a complex plane
A

f

( )φω +tA 0cos

Re
φω +t0

Three parameters completely specify the phasor

φω ,, 0A
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Phasor (Cont.)( )

To describe the same phasor in frequency domain, we must associate 
the corresponding amplitude and phase with the particular frequency 
f0.
A suitable frequency domain description  ⇒ line spectrum

f Amplitude

φω +t0

A

f

φ

( )φω +tA 0cos

φω +t0 f
0f

f
0f
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Phasor (Cont.)( )

Four conventions for constructing the line spectrum:
The phase angle is normally measured wrt. cosine wave

sin(ωt) = cos(ωt + 90°)

The cyclical frequency f is used for the x-axis

sin(ωt) = – cos(ωt + 90°)

The amplitude is always positive

The phase angle is usually measured in degree

- Acos(ωt) = Acos(ωt ± 180°)

Practically, the amplitude spectrum conveys more information 
than the phase spectrum.
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Phasor (Cont.)( )

Ex: Plot the line spectra of  w(t) = 7 – 10cos(40πt - 60°) + 4sin(120πt)
w(t) = 7 – 10cos(40πt - 60°) + 4sin(120πt)

= 7cos(2π0t) + 10cos(2π20t - 60° + 180°) - 4cos(2π60t + 90°)( ) ( ) ( )

= 7cos(2π0t) + 10cos(2π20t - 60° + 180°) + 4cos(2π60t + 90° - 180°)

Amplitude

10

7

4

0120

f

4
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f

00

One-side or positive frequency line spectra
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Phasor (Cont.)( )

Two-sided line spectra (more valuable)p ( )

[ ] [ ]∗+= zzz
2

1
Re ⇒ z is a complex quantity with complex conjugate z*

tjj eAez ωφ= tjj eAez ωφ −−∗ =

Thus:

a pair of conjugate phasor

Thus:
( ) tjjtjj ee

A
ee

A
tA ωφωφφω −−+=+

22
cos 0

f Phase

φω +t0

f Phase

φ

( )φω +tA 0cos
( )0tω φ− +

f
0f0f−

f

φ

0f
0f−

E t Odd s mmetr
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φ−Even symmetry Odd symmetry
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Type of Signalsyp g

Type Iy
Continuous-time signal (analog signal)
Discrete-time signal (digital signal)g ( g g )

Type II
Periodic signalPeriodic signal
Aperiodic signal

Type IIIType III
Deterministic signal
R d i lRandom signal
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Continuous/Discrete-Time Signal/ g

A continous-time signal x(t) occurs at all time
A discrete-time signal x[n]occurs only at instants of time t = nT, i.e., 

x[n] = x(nT),
where T = sampling period and n can be positive or negative integers
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Periodic & Aperiodic Signalp g

x (t) periodic if exists T such that x (t)=x (t+T) for all t.xp(t) periodic if exists T such that xp(t) xp(t+T) for all t.

0 T0 2T0-T0

Fully specified its behavior over any one period
Smallest such T is fundamental period TSmallest such T is fundamental period T0

Any integer multiple of T0 is a period of xp(t)
Fundamental period defined as f0 = 1/Tz

Aperiodic signals are not periodic
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Deterministic/Random Signalg
Deterministic signal x(t), x[n] can be specified at all time
Random signal x(t), x[n] has uncertainty of its occurrence. 
It typically belongs to an ensemble of signals with certain yp y g g
probability of occurrence. An ensemble of such signal is 
called random processp

3

4
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Periodic Signals – Average Powerg g

Average value:

∫= )(
1

)( dttvtv( ) ( )∫=
2/1

lim
T

dttvtv
Periodic

∫
0

)()(
0

T
dttv

T
tv( ) ( )∫

−
∞→

=
2/

lim
T

T
dttv

T
tv

Average power  ⇒ Real and nonnegative

∫==
2/

22
)(

1
lim)(

T

dttvtvP ∫= 2
)(

1
dttvP

Periodic

∫
−

∞→
2/

)()(
T

T T ∫
0

0

)(
TT
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Periodic Signals – Average Power (Cont.)g g ( )

Ex: Find the average value and power of ( ) ( )φω += tAtv cos( ) ( )φ

( ) ( ) ( )dtt
A

dttAtv
TT

∫∫ +=+= 00

coscos
1 φωφωAverage value: ( ) ( ) ( )dtt

T
dtt

T
tv ∫∫ 0

0
0

0

coscos φωφωg

= 0

Average power: ( ) ( )dttA
T

tvP
T

∫ +== 0

0

22

0

2
cos

1 φω

A T

∫
2

( ){ }dtt
T

A T

∫ ++= 0

0
0

22cos1
2

φω

( )22
222

0 A
d

AA T

∫ φ( )
2

22cos
22 0

0
0

0

0 A
dtt

T

A
T

T

A
=++= ∫ φω

= 0
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Transform Representationp

Electrical communication signals are time-varying quantities, g y g q
e.g., current and voltage.
These signals physically exist in time domain.These signals physically exist in time domain. 
Frequency domain representation is very useful in 
communication systems because it allows simple computationcommunication systems because it allows simple computation 
in many cases.
Two types of transforms:Two types of transforms:

Fourier series (FS)  ⇒ Periodic signal
Fourier transform (FT)  ⇒  Aperiodic signal
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Fourier Series (FS)( )

Decompose periodic signals into sum of sinusoidalDecompose periodic signals into sum of sinusoidal 
waveforms, or equivalently, rotating phasors.

0 T0 2T0-T0

c1

c2

c3

0 T0
0 T0

0 T0
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Fourier Series (Cont.)( )

Let v(t) be a power (periodic) signal with period of T0 = 1/f0 itsLet v(t) be a power (periodic) signal with period of T0 = 1/f0, its 
exponential FS expansion is

∞
n = 0, 1, 2, 3,…tnfj

n
nectv 02)( π∑

∞

−∞=

=

tnfj 21 π∫

where

j c∠dtetv
T

c tnfj

T

n
0

0

2

0

)(
1 π−∫= nj c

n nc c e ∠=

{cn} are the FS coefficients ⇒ represent the frequency components of the 
periodic signal.
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Fourier Series (Cont.)( )

0 T0 2T0-T0

|V(f)| ∠V(f)

0 00

|c-1| |c1|
|c2|

| ( )|
|c-2|

|c0|
∠c-1 ∠c1

∠c2

( )

∠c-2 ∠c0

0 f0 2f0-f0-2f0 0 f0 2f0-f0-2f0

| cn | represents the amplitude spectrum as a function of f

Lcn represents the phase spectrum as a function of f
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n p p p

Example: Periodic Square Wavep q

Symmetric coefficients (cn = c-n)*Find cn

c1
c2

c0

Infinite frequency content

A

n

c3

c4 c5

c6

c7

c8 c9 c10

f
0 T0-T0

.5T-.5T
t

( )TAf nfTsinc
xπsin

)(i

1  if x = 0

( )TAfcn 0nfTsinc0= ==
x

x
π

)(sinc

0  if x = 1, 2, 3, …

( ) ( ) ( )fTsinc==−= −∫ fT

fT
ee

fTj
dte

T
fTjfTj

T

T

ftj

π
π

π
πππ sin

2

11 2/

2/

2Example ⇒
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Properties of FSp

The spectral lines have uniform spacing f0The spectral lines have uniform spacing f0
The DC component equals the average value of the signal

( ) 1
∫( ) )()(

1
0

00

tvdttv
T

c
T

== ∫

If v(t) is a real (noncomplex) function of time, then
jL ncj

nnn eccc L−∗
− ==

| c-n | = | cn |  ⇒ Amplitude spectrum ⇒ Even symmetry

Lc-n = -Lcn ⇒ Phase spectrum ⇒ Odd symmetry
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FS – Real Signalg

A real signal v(t) can also be expressed asA real signal v(t) can also be expressed as

)2cos(2)( 00 nn ctnfcctv ∠++= ∑
∞

π Trigonometric FS
(One sided spectrum)

Alternate FS representation

)()( 0
1

0 n
n

n f∑
=

(One-sided spectrum)

Alternate FS representation

[ ]∑
∞

++= 000 )2sin()2cos(2)( nn tnfbtnfaatv ππ

1

[ ]∑
=1

000 )()()(
n

nn ff

1
∫dttnftv

T
a

T

n )2cos()(
1

0
0 0

π∫= dttnftv
T

b
T

n )2sin()(
1

0
0 0

π∫=
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Key Properties of FSy p

LinearityLinearity
Multiplication  ⇒ Multiplication in time leads to convolution of FS
Time Shifting ⇒ Time shift leads to linear phase shift in FSTime Shifting  ⇒ Time shift leads to linear phase shift in FS
Time Reversal  ⇒ Time reversal leads to index reversal
Ti S li ⇒ Ti li l d t f t t hiTime Scaling  ⇒ Time scaling leads to frequency stretching
Conjugation: 
P l’ l i

}{)( **
np ctx −⇔

Parseval’s relation:
Energy contained in FS

∫ ∑
∞

−∞=

=
0

22

0

|||)(|
1

T n
ncdttv

T
Prove it !
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Aperiodic Signal – Energyp g gy

Aperiodic signal vp(t) is time-limited signal.p

The average of |vp(t)| or |vp(t)|2 over all time equals zero.
The concept of energy is needed.p gy
Energy:

( )
2

∫
∞

T l d h f | ( )|2

( ) dttvE ∫ ∞−
=

⇒ Total area under the curve of |v(t)|2
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Fourier Transform (FT)( )

Used for a continuous-time aperiodic signal v (t)Used for a continuous-time aperiodic signal va(t) 
Represent the spectral components
P id t i b t ti d f d iProvide a one-to-one mapping between time and frequency domains.

va(t) Va(f)a( ) a

t f

โปรแกรมวิศวกรรมโทรคมนาคมรศ.ดร.ปิยะ โควนิท์ทววีฒัน์ 25

FS to FT

va(t) Va(f)v(t) 1/T0 V(f)

t
f

-T0 0 T0
0

Repeat va(t) every T0 seconds to get v(t)
FS coefficients separated in frequency by f0 = 1/T0

As T → ∞ samples in frequency domain become aAs T0 → ∞, samples in frequency domain become a 
continuous signal in f
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Fourier Transform Pair

| Va(f) |

dtetvfV ftj
aa

π2)()( −
∞

∫=
f∞−

dfefVtv ftj π2)()( ∫
∞

=

Amplitude spectrum

∠ Va(f)
dfefVtv aa )()( ∫

∞−

=

fPhase spectrum

Real signal:

Va(-f) = Va
*(f),  | Va(f) | = | Va(-f) |  and LVa(-f) = -LVa(f)
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a( f) a (f) | a(f) | | a( f) | a( f) a(f)

Example – Rectangular Pulse

( )

p g

A

va(t)

τ/2-τ/2
t

∫
−

−=
2/

2/

)(
τ

τ

ωω dtAeV tj
a

2/

2/

τ

τ

ω

ω
−=

−

⎭
⎬
⎫

⎩
⎨
⎧

−
=

t

tj

j

e
A

Bandwidth{ } )2/sin(
22/2/ ωτ
ωω

ωτωτ A
ee

j

A jj =−= −+
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Exercise

Find the FT of a given va(t).  Hint: { }θθθ jj ee −−=
1

)sin(

va(t)

g a( ) { }
j2

)(

A

t
T0

t
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Rectangular Pulseg

A

Infinite Frequency Content

.5T-.5T

( )f

t f

( )TAfVTtArecttv aa fTsinc=⇔= )()/()(

Rectangular pulse is a time window
Shrinking time axis causes stretching of frequency axisShrinking time axis causes stretching of  frequency axis
Signals cannot be both time-limited and bandwidth-limited
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Rayleigh’s Energy Theorem

Analogous to Parseval’s power theorem

( ) ( ) ( )∫∫
∞∞

∗ == dffVdffVfVE aaa

2

Ex:

∞−∞−

∫
τ/1

2

( ) ( )ττ fAfVa sinc⋅=
Ex: ( )∫

−

=
τ/1

2
dffVE a

22τA

( ) 2
fVa

τ/1

( ) ( ) τττ
τ

2

/1

22 92.0 AdffA == ∫
−

sinc

More than 90% of the total energy

lie between -1/τ and 1/τ0
τ
1 32

−3
− τ

1
−

τ
2
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Properties of FTp

SuperpositionSuperposition
( ) ( )∑∑ ⇔

k
kak

k
kak fVatva ,,

Time delay
( ) ( ) dftjefVttv π2−⇔−

S l h

( ) ( )ada efVttv ⇔

Scale change
( ) ⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
⇔

ββ
β f

Vtv aa

1

Time scaling ⇒ contracting in time yields expansion in frequency
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Properties of FT (Cont.)p ( )

Frequency translation and modulationFrequency translation and modulation

( ) ( )ca
tfj

a ffVetv c −⇔π2

Ex:

( ) ( )caa ff

( ) ( ) ( ) ( )
jj

ffV
e

ffV
e

tftv ++−⇔+
−

2cos
φφ

φπ( ) ( ) ( ) ( )cacaca ffVffVtftv ++⇔+
22

2cos φπ

Differentiation and integration
( ) ( ) ( )fVfjtv

dt

d
a

n
an

n

π2⇔ ( ) ( ) ( )ω
ω aa V

d

d
tvjt ⇔−

( ) ( )fV
fj

dv aa π
λλ

2

1
⇔∫

∞

∞−
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fj
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Properties of FT (Cont.)p ( )

DC propertyDC property

∫∫
∞∞

== dffVvdttvV aaaa )()0(,)()0( similarly

C l i

∫∫
∞−∞−

Convolution
Become multiplication in frequency
Define output of linear time-invariant (LTI) filters ⇒ easier to analyze with FTsDefine output of linear time-invariant (LTI) filters  ⇒ easier to analyze with FTs

( ) ( ) ( ) ( )fHfXthtx ⇔∗h(t)
x(t) x(t)*h(t)

( ) ( ) ( ) ( )fHfXthtx ⇔h(t)
X(f) X(f)H(f)

H(f)
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Properties of FT (Cont.)p ( )

MultiplicationMultiplication
Becomes complicated convolution in frequency
Mod/Demod often involves multiplicationp

( ) ( ) ( ) ( )fWfVtwtv ∗⇔

va(t)

rect(t)
*

sinc(f) Va(f)

Duality
Operations in time lead to dual operations in frequency 
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Fourier transform pairs are duals of each other

35

Duality – Rectangular and Sinc Pulsesy g

AT

5T5T

A

t 1/T 2/T-1/T

AT

.5T-.5T

( )TAfXTtArecttx fTsinc=⇔= )()/()(

t
f

1/T 2/T1/T

A/B
A

t
.5B-.5B

A/B

f1/B 2/B-1/B

( )B
B

A
fXBtcAtx /frect)()(sin)( =⇔=
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Useful FT Pairs

( ) 1tδ ( ) ( )ωπδtu
1

+⇔( ) 1⇔tδ

( ) tjett 0
0

ωδ −⇔−

( ) ( )
ω

ωπδ
j

tu +⇔

( ) 1( )0

( )ωπδ21 ⇔

( ) 0,
1

>
+

⇔− a
aj

tue at
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Additional FT Comments

Amplitude conveys information about signal’s frequency contentp y g q y
Phase conveys little insight, except that a time delay results in a linear 
phase shift

Dirichlet conditions are sufficient for FT to exist (not necessary)
Signals that are not absolutely integrable can have a FT (e.g. sin, cosine, 
constant, sinc)
Signals whose square is absolutely integrable have a Fourier Transform 
(Plancerel’s theorem)(Plancerel s theorem)
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Summaryy

Fourier series represents periodic signals as a weighted sumFourier series represents periodic signals as a weighted sum 
of exponential functions.

Square wave has infinite frequency content with FS coefficientsSquare wave has infinite frequency content with FS coefficients 
following a sinc function

Fourier transform represents the spectral components of aFourier transform represents the spectral components of a 
aperiodic signal

Time limited signals are not bandlimited and vice versaTime-limited signals are not bandlimited and vice versa
Stretching a signal along the time axis causes it to shrink along the 
frequency axis and vice versafrequency axis, and vice versa
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