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Abstract

Code Division Multiple Access (CDMA) is one of the most flexible multiple access
methods suitable for supporting many new services such as speech, video, multimedia
applications and so on, which are becoming increasingly important for mobile communications.
Besides supporting multiple data rates, future systems will also need to enhance the performance
and capacity demands. Direct Sequence Code Division Multiple Access (DS-CDMA) is the
most commonly proposed CDMA system for the third generation of wireless mobile systems. A
DS-CDMA system using conventional receiver techniques is limited in capacity because the
multiple access interference (MAI) and the near-far effect will substantially degrade its
performance. These problems, however, can be mitigated by employing multiuser detection
techniques, including optimum detectors and suboptimum ones.

Although optimum detectors offer high performance and high capacity, it is very difficult
to implement them because of excessive computational complexity, which grows exponentially
increased with the number of users. The MMSE linear detector, however, has low complexity
and yet provides acceptable performance. This paper presents a literature survey of linear MMSE

detection and its implementations both in asynchronous and synchronous cases.
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1. Introduction

Recently, there has been an increasing interest in telecommunications towards new
services and more flexible communication systems. This chapter will serve as an introduction to
the area of cellular communication systems. The concept of a cellular system is introduced in
section 1.1. Section 1.2 presents different approaches of multiple access techniques that are
widely used in communication systems. Finally, a brief description about DS-CDMA is given in

section 1.3.

1.1 Cellular System Concept

The main idea of a cellular system is to divide the system service areas into smaller areas,
called cells, which are served by separate base stations. The transmitted power of the base
stations will limit the coverage service area. In order to increase the capacity of a system,
frequency reuse technique must then be employed to reuse the allocated frequency at the closet
possible distance without the interference level exceeding tolerable limits.

Several cells in a system are grouped into clusters in which different frequencies are
allocated to different base stations. The same frequencies are therefore shared in other clusters.

The number of cluster sizes, N, can be obtained by

N=7F+ij+) (1.1)

where i and j are arbitrary integer numbers such that 0 <i <. Itis obvious that the allowable
number of cluster sizesare N =1, 3, 4, 7, 9, etc. The capacity of a system is increased if the size
of the cells is reduced, as the allocated frequency band can be reused at shorter distances.
Nevertheless, this demands an increase in the number of base stations and a decrease in the base
stations’ transmitted power. The overview of a cellular mobile network with a cluster size of 4 is

illustrated in Figure 1.1. It shows how a service area with many cells is connected via a mobile
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BS ¢ Handover

Figure 1.1: The overview of a cellular mobile network with a cluster size of 4 [1].

switching center (MSC) to a public switched telephone network (PSTN). The MSC’s main task
is to perform functions of a basic digital switching exchange, to determine if a mobile subscriber
is available for receiving a call, to monitor the quality of service for subscribers, and to handle
handoff, which is the process when a mobile moves from one cell to another such that the service
connection is switched over to a new base station without interruption. It is sometimes essential
to handoff a call between two cells served by different MSCs, which is commonly occurred when

one a mobile moves from one country to another. Such an event is known as “roaming”.

1.2 Multiple Access Techniques

Within a cluster of cells, multiple access (MA) techniques are employed to allow the
users to simultaneously share the available frequency band as efficiently as possible to achieve
high capacity. Figure 1.2 illustrates three different MA techniques for allocating resources to the

users.
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Figure 1.2: Multiple Access Techniques.

1.2.1 Frequency Division Multiple Access (FDMA)

With a FDMA technique, the available bandwidth is divided into frequency bands (or
channels) that are assigned to individual users. Hence, each user with his/her occupied frequency
band can transmit signals at the same time continuously. Since only one user uses a specific
frequency band, its bandwidth is usually narrow and FDMA is therefore classified as a
narrowband technique. This method was used in the first analog cellular system such as AMPS
in the U.S.

1.2.2 Time Division Multiple Access (TDMA)

TDMA allows each user to communicate with the base station by using the whole
bandwidth but different allocated time slots. The transmission and reception of signals occur in
different slots separated in time. This makes the transmission in a TDMA system bursty and
therefore only suitable for digital modulation techniques because analog modulation techniques
generally require continuous transmission. TDMA is usually preferred because of easier
implementation and thus less expensive base stations and mobile terminals. The TDMA
technique is a dominating access method used in most of the second generation of mobile

systems such as the European GSM and the American 1S-54.

1.2.2 Code Division Multiple Access (CDMA)

CDMA differs from FDMA and TDMA in the sense that all users can transmit the

information signal at the same time using the same frequency band. Each user is assigned a
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unique spreading code with the purpose of being able to distinguish between different users and
their transmissions. The key features of a CDMA system are the continuous transmission and the
reduced system administration needed to allocate resources to the users. Furthermore, CDMA is
more tolerant to multipath fading than TDMA and FDMA. Although CDMA is more powerful
in practice, it is also quite complicated in the process of making synchronization between
generating the code sequence of transmitter and decoding coded signal at receiver. Nevertheless,
the CDMA technique will be primarily employed for the third generation of wireless personal

communication systems such as the American 1S-95 and the European W-CDMA.

1.3 Direct Sequence - Code Division Multiple Access (DS-CDMA)

CDMA is known as a spread spectrum technique, since each user is assigned a unique
spreading code to spread the narrow band information signal over the whole bandwidth. The
most common CDMA methods are frequency-hopping (FH) and direct-sequence (DS). In a FH-
CDMA system, the carrier hops from one frequency to another in a pseudo-random hopping-
pattern controlled by the spreading code. For a DS-CDMA system, the spreading code is a
pseudo-ransom, usually binary sequence, with a much larger bandwidth than the transmitted
information signal. The information is multiplied by the spreading code to introduce rapid phase
transitions and accordingly increase the signal bandwidth. The DS-CDMA technique is proposed

for the third generation of mobile systems.

DS-CDMA has many advantages for employing in the next generation of mobile systems.
First, it provides a soft capacity meaning that there is no limit number of users in the system.
Second, a frequency reuse factor of one can be deployed, thus allowing the whole spectrum
bandwidth to be theoretically reused in every cell. Finally, the soft handoff, referred to the
possibility of a mobile station moving close to the cell boundary to establish the new base station,
can be implemented. This procedure ensures that the quality of the radio link to the new base
station is not disconnected. In addition, in a soft handoff, the mobile station can transmit using
less power and thus reducing the interference to intra-cell users as well as to users in neighboring
cells. Other advantages of DS-CDMA include the rejection of narrow band interference and the

possibility to exploit multipath diversity combining at the receiver.
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DS-CDMA, however, experiences two main difficulties, i.e., the near-far problem and the
multiple access interference (MAI). In synchronous CDMA systems with no multipath
propagation, orthogonal codes can be used and therefore the users do not interfere with each
other. However, if the system is not completely synchronized due to multipath propagation, the
users will experience MAI. This problem is further accentuated by the near-far problem. The
near-far problem occurs especially in the uplink (mobile station to base station) when a weak
signal from a distant mobile station is swamped out by the strong signal from a mobile station
closer to the base station. Even if the mobile stations are at the same distance from the base
station, the channel can introduce fading leading to the same effect.

Stringent power control, where the base station adjusts the power level of the mobile
stations so that the power they receive are equal, is one way to combat the near-far problem. If
the MAI is kept within reasonable limits by a good code design and a moderate number of users,
it is possible to detect the signals using conventional matched filter techniques with an acceptable
loss in performance. On the other hand, if there are many users in the system and the power
control is not perfect, the performance loss can be substantial. This is the main reason for

considering the multiuser detection.
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2. CDMA System Models

CDMA is an attractive technology for wireless communications. In a CDMA system,
each user is assigned a distinct signature sequence (or waveform), which is used to modulate and
spread the narrow band information signal over the whole bandwidth. The signature sequences
are also known at the receiver in order to demodulate the information signal transmitted by
multiple users of the channel, who transmit simultaneously and asynchronously. In section 2.1, a
basic CDMA model for synchronous and asynchronous modes is presented. The output of
matched filter and the error probability for synchronous and asynchronous models are given in
section 2.2 and 2.3, respectively. Section 2.4 introduce other performance measures which is

useful for analyzing and evaluating multiuser detectors.

2.1 A Basic CDMA Model

We will consider BPSK transmission through a common Additive White Gaussian Noise
(AWGN) channel shared by K simultaneous users employing a DS-CDMA system. As mentioed
earlier, each user is assigned a unique signature waveform s(z) of duration T, where T is the

symbol duration. A signature waveform can be expressed as

N-1

s, (t)= ;ak(n)h(t—nTc), 0<t<T (2.1)

where [axm) O {+1, -1}, 0 < n < N-1] is a pseudo-noise (PN) code sequence of the & th user
consisting of N chips, A(z) is the spreading chip whose duration is 7. = 7/N. The signature
waveforms are assumed to be zero outside the interval [0,7], and, therefore, there is no
intersymbol interference.

In general, one can assume without loss of generality that all K signature waveforms are

normalized so as to have unit energy, i.e.,
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Isi[f = [ st(@ar =1 (2.2)

Since BPSK is used in DS-CDMA systems, the information sequences of the k th users
denoted by {b(m)} will have the value of either +1 or —1. Suppose the £ th users sends the data

block of length Af as an input vector
b, =[p,@ 5,2 - b (23)

The corresponding base-band transmitted signal of each user can be expressed as
M
g, (t) =4, Zbk (0)s, (¢ =iT) (2.4)

where 4; is the received amplitude of the k th user’s signal such that 4; is referred to as the

energy of the & th user. Figure 2.1 illustrates the received waveform, y(z), comprising the sum of

K transmitted waveforms in AWGN which can be expressed as
K M
y(t):ZAkZbk (@)s, (¢ =iT —=71,) + on(?) (2.5)

where 1 is the transmission delay and n(?) is white Gaussain noise with unit power spectral
density. Note that the noise power in a frequency band with bandwidth B is 20°B (the noise one-
sided spectral density level 2¢” is often denoted by N).

Without loss of generality, we can assume that the delays 7; are smaller than the bit
periodtime T (0 <17, <sTfor I <k<K)and 0 <1, <1, <.. <1, < T. Additionally, we shall
assume that the data rate 7/7 is identical for all users. As a result, the Eq.(2.5) represents the

model of the multiuser transmitted signal in an asynchronous mode.
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Figure 2.1 Model of the multiuser transmitted signal in an asynchronous mode.

The performance of an asynchronous CDMA system depends on the cross-correlation
between every pair of the signature waveforms. In asynchronous DS-CDMA systems, every
symbol of a given user overlaps with the two consecutive symbols of each of the interferers as
shown in Figure 2.2. Hence, in an asynchronous case, we define two cross-correlations between

every pair of signature waveforms. If & </, then we denote

Pu) = [ 5,5, ~1)ds
Pu(D) = [, (s, (e +T = 1) (2.6)

where 7 0 [0,7] and T is the bit duration.

Sk

P (T ) Pu (T)

S

S

Figure 2.2: Asynchronous cross-correlation.

In a synchronous DS-CDMA system, individual user signals are symbol synchronized. It
is then sufficient to consider the one-shot version of Eq.(2.5). Consequently, the received
waveform signal in a synchronous DS-CDMA system can be obtained as a special case of Eq.

(2.5), where the transmission delay 7; = 0 for all £, i.e.,
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K
y(t) = ZAkkak (t) + on() (2.7)
k=
and the “synchronous” cross-correlation is given by

P :LTSk (0)s, (t)dt (2.8)

2.2 Matched Filter Outputs for Synchronous and Asynchronous Models

Multiuser detectors basically have a front-end whose objective is to convert the received
continuous-time waveform, y(), into a discrete-time process. This is done by passing the
received waveform through a bank of matched filters as depicted in Figure 2.3, each matched to

the signature waveform of a different user. The matched filter output is then given by

» = [, v©)s. (0
: (2.9)
v = [, y(Osg (dt

— Matcuhseedr I;ilter \ , [l]

Sync 1

> Mattijhseedr ;ilter —»M J’Z[i]
y(l) Sync 2

o Matfjr;z(rjllzilter —>¥> yk[i]

Syr.1c K

Figure 2.3: Discrete-time K-dimensional vector of matched filter outputs.

In the synchronous case, it is sufficient to restrict our attention to a one-shot model.

Therefore, one can express the output of the £ th matched filter as
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Vi :<y’Sk>
4 O
= [ vs
=Ab, + ZA_l.b_l.p,g. +n, (2.10)
7

= Desired information + MAI + Noise

where p,. is defined in Eq.(2.8) and ny is given by

n, =0 J;Tn(t)sk (1)dt (2.11)

is a Gaussian random variable with zero mean and variance equal to 6 It is convenient to

express Eq.(2.10) in matrix form as follows:
y =RAb +n (2.12)

where R is the normalized cross-correlation matrix given by

Bl Piz P O
R = P 1 Pax
O : 0
0 0
[Px1 Pk2 10
y:[Vl"' J/K]T
b :[bl"' bK]T
A= ah'ag{A1 AK}

and n is a zero-mean Gaussian random vector with covariance matrix equal to

E[nnTJ:JZR (2.13)
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For an asynchronous channel, the matched filter output for the & th user is given by [2]

Vi [l] = Akbk[l] + ;A./b_l[i +jr Py +z A.ib.[} P

J<k

J
+ > Aoy +5 Abli-dp, +n[l (2.14)
Jj> J>
where
T +iT+T
n, (1] =o' " n()s, (t=iT = 1,)dr (2.15)
We can write the above equation in matrix form as
y[i] = RT[1]Ab[i+1] + R[0]Ab[i] + R[1]Ab[i-1] + n[i] (2.16)
where the zero-mean Gaussian process n[i] has the autocorrelation matrix
W?R7[, if j=i+1;
1 moeR[0),if j=i
) B (2.17)
Y R[l], if j=i-1;
ED, otherwise.
and the matrices R[0] and R[1] are defined as
1 if j=k;
R, [0]=p if j<k: (2.18)
Jk Jk ’ :
B,  ifj>k
0o if j=k;
R, []= O, if i<k (2.19)
2. CDMA System Models 11
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Figure 2.4: Z-domain representation of asynchronous DS-CDMA system.

The matched filter output in Eqg.(2.16) can be represented in the z-transform domain as shown in

Figure 2.4, where

S(z) = R'[1]z + R[0] + R[1]Z* (2.20)

2.3 Probability of Error for Synchronous and Asynchronous Users

As derived before for the synchronous case, the k-th user matched filter output is
K T
W=Ab+S 4D [ 5 Osden (2:21)
J#

where

T

nk:L s, (O)n(t)dt (2.22)

is a Gaussian random variable with zero mean and variance equal to o® If the signature
waveform of the & th user is orthogonal to all the others, resulting in o, = 0 for j # k, then the MF

output for user k reduces to that obtained in the single user problem:
Y. =A.b, +n (2.23)

The probability of error of a threshold comparison of y; is P = Q(A/a), which can be derived as

follows. Given only one user, the channel becomes
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(1) = Abst)+on(),  t0[0,T] (2.24)

where the deterministic signal s has unit energy, n(?) is Gaussian white noise, and » O{-1,+1}.
Before we proceed further, let us consider the restricted class of linear detectors. Consider a
demodulator that outputs the sign of the correlation of an observed waveform and a deterministic

signal h of duration T:

gzsgn«y,h)):sgn ﬁj y(t)h(t)dtﬁ (2.25)

This detector summarizes the information contained in the observed y(#) by the scalar decision
statistic, <y, h>. To optimize the choice of h, we notice that linearity of the decision statistic

makes it easy to discern the respective contributions of signal and noise:
Y =<y, h>= Ab<s, h>+ g<n, h> (2.26)

The distribution of the second term on the right side is given by the following results, which
concern the properties of white noise. If h and g are finite-energy deterministic signals and n(t) is

white noise with unit spectral density, then

E[<n,h>] =0

E[<n,h>"] = |’

If n(t) is a Gaussian process, then <n, h> is a Gaussian random variable.
E[<n,h><n,g>] = <g,h>

E[<n,h>n] =h

o ~ w0 N e

A sensible way to maximize signal-to-noise ratio is to choose h so as to make <s, h> large and
olh| small, i.e.,
A% (<s,h>)°

max =07 (2.27)
AT
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The solution to this problem can be obtained from the Cauchy-Schwarz inequality (<s,h>)* <
IhPls]?, with equality sign when h is a multiple of s. Therefore, all positive multiples of s are

equivalent and result in the same decision:
O
b=sgn((y,as))= sgnﬁj y(t)h(t)dtﬁ (2.28)

where a = any positive integer. This linear detector is known as the matched filter detector for
signal s. It can be implemented either as a correlator (multiplication of received waveform with s
followed by integration) or as a linear filter with impulse response s(T-t) sampled at time T. We
have seen that the match filter is optimal in the sense that it maximizes the signal to noise ratio of
the statistic Y. notice that the earlier derivation did not assume the white noise to be Gaussian. If
we do assume so, we can actually prove that among all linear detectors, the match filter
minimizes the probability of error.

From Eq.(2.26), the statistic Y conditioned on b = -1 is a Gaussian distributed random
variable with mean -A<,s,h> and variance o?h|?, abbreviated as N(-A<s, h>, o%h[?). By the same
token, the distribution of Y conditioned on b = 1 is N(A<s, h>, ¢?h[?). Figure 2.5 shows both

conditional distributions fyy, and fy;.

Figure 2.5: Conditional distributions of Y, givenb =-1and b = +1.

The probability of errors can be expressed as follows, with change of integration variable and

symmetry:
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1 10
PZEL fY/—1(V)dV+EJ-_wa/1(V)dV

<sh>
QE ol E

= oHH (2.29)
o0

Let us now consider a two-user non-orthogonal CDMA case as shown in Figure 2.6 and 2.7. The

probability of error for user 1 is

P (0) = Plb, #b,]
= P[b, = +1]Py, <0b, =+1]+ P[b, = =1]P[y, >0, = 1]
Ply, >0|b1 =-1]=P[y, >0|b1 =-1b, =+1|P[b, =+1] + P[y, > 0|b1 =-1b, =-1]|P[b, =-1]

Ply, >0|b1 =-1]=P[n, > 4, — 4,p]P[b, =+1] + P[n, > 4, + 4,p]P[b, =-1]

Ply, >0, =-1]= 1 QM@ 1 QMH (2.30)
20 O 020 o 0

By symmetry, P[y1 <0 |b; =+1]=P[y; >0 |b; =-1]. It then follows that the bit-error-rate

(BER) of the conventional receiver for user 1 in the presence of another interfering user is

P’ (0) =%QWH+ 1ot APH (2.31)

02 0 o 0O

0) $1()
—

s2(1)

M.,
—»J; :F—»bz

Figure 2.6: Bank of single-user matched filter (K=2).
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Figure 2.7: Output of matched filter for user 1 with one interference.

Interchanging the roles of users 1 and 2, one obtain

P; (0) =%Q§AZ;¢H+ 1 ng (2.32)

02 0 o

Since the Q-function is monotonically increasing, we can determine the upper bound

P (0) < %QE/“_TAMH (2.33)

The generalization of BER from the 2-user case to an arbitrary number of users is

straightforward. Following the same reasoning as before, we can write BER of the k th user as:
P¢(0) = Plb, =+1]P[y, <Ob, =+1] + P[b, =-1]P[y, >0b, =-1]

1 1
:EP[H" >4, —;A_,-b_;P_,-k]JfEP[”k <-4, —;Ajbjpjk]

=Pln, >4, -5 4b.p,] (2.34)

JZk

Similar to the 2-user case, BER for the k th user case is upper bounded by

2. CDMA System Models 16
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Since the exact expression for BER grows exponentially with the number of users, it is frequently

approximated by

]

Pe(o)=od — 4

(] 2 2 .2
H\/O- +ZAjpjk
J*

(2.36)

[ |

This approximation works well at low SNR, but may be unreliable at high SNR.
The analysis in the asynchronous case can be done in a similar fashion. The major
difference is that each bit is affected by 2K-2 interfering bits instead of K-1 bits as in the

synchronous case. Probability of error for the k-th user is

Pf(0) = 22% Z ;Z QE/Z—" + ;%(ejpjk + djpk/)% (2.37)

Where €] and dj 0 {-1, +1}. The asynchronous crosscorrelations in the above equation depend on
the offsets between the users’ symbol periods. As a result, those parameters are random variables
that may actually be time varying. Given a set of signature waveforms, it is possible to compute

the distribution or at least the expectation of P (o). However, this is a computationally intensive

task [3].

2.4 Asymptotic Multiuser Efficiency and Related Measures

The bit error rate is widely used to measure the performance of the communication
systems of interest. In the concept of multiuser detection, there are, however, other performance
measures derived from the bit error rate that are useful in the analysis and design. We shall

introduce some performance measures necessary for analyzing multiuser detectors.
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2.4.1 Signal-to-Interference Ratio (SIR)

The signal-to-interference ratio is useful in an assessment of the quality of multiuser
detectors. SIR is the ratio between the powers of the desired user and those of all other
components at the output of the single-user matched filter. In the absence of interfering users,

the output SIR of the & th user is given by 47 /o®. For synchronous DS-CDMA systems, the

output SIR of the k& th user is

A

SIR =—; 5
o +Zj¢kA./p.ik

(2.38)

2.4.2 The effective energy

It is useful to quantify the multiuser error probability with respect to the optimum single
user error probability. The effective energy of the k th user, denoted by e(0), is defined as the
energy that user & requires to achieve bit error rate equal to P,(o) in a single user Gaussian

channel with the same background noise level, i.e.,

P,(o)= QE@E (2.39)

Since the error probability of any multiuser detector is lower bounded by the single user error

probability
P, (0)2 00 H (2.40)

the effective energy is always upper bounded by the actual energy, i.e.,

e, (0)= 4} (2.41)

2. CDMA System Models 18



The one-to-one correspondence between e, (o) and P, (o) is given by

e (0)=0*(0* (P, () (2.42)

2.4.3 The multiuser efficiency

The multiuser efficiency is the ratio between the effective and actual energy, e, (a)/A,f.

It can also be used to characterize the multiuser bit error rate and quantify the performance loss
due to the existence of other users in the channel. From Eq.(2.24), it is clear that the value of
multiuser efficiency is in the interval [0, 1]. Multiuser efficiency depends upon signature

waveforms, received signal-to-noise ratios, and types of detectors.

2.4.4 The asymptotic multiuser efficiency

The asymptotic multiuser efficiency is defined as

e,(0) (2.43)

and measures the slope with which P,(a) goes to 0 (in logarithmic scale) in the high signal-to-

noise region; that is,

UkZSUPél)Srﬁii limp,(c)/ 0 FA"H:OE (2.44)

2
=7 lim o?logl/ P, (o) (2.45)

k

In general, the multiuser efficiency is easier to compute than the bit error rate, and it gives easy-

to-grasp illustrations of the effects of unequal received energies.
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2.4.5 The near-far resistance

The near-far resistance is used to quantify the degree of robustness of multiuser detectors
against the near-far problem. It is defined as the multiuser asymptotic efficiency minimized over

received energies of all the other users [4]:

n= L?jonk (2.46)

The near-far resistance depends on the signature waveforms and on the demodulators.

2. CDMA System Models 20



3. Multiuser Detection

This chapter contains a brief explanation of multiuser detection for a DS-CDMA system.
Treated are both the asynchronous and synchronous cases. The detector presented in the report is

mainly based on the linear Minimum Mean Square Error (MMSE) detector.

3.1 Background

Multiuser detection concerns the detection of information sent simultaneously by several
transmitters sharing a multiple-access channel. A more challenging channel sharing strategy is
the CDMA approach, where all users share the same time and frequency band. To distinguish
between the different users, a unique waveform (code) is assigned to each user. Therefore, the
received signal from all users is a superposition of the individually transmitted signals. As a
result, the task of the multiuser detector is to reliably demodulate the information from a specific
user.

The conventional detector used in single-user systems is the matched filter receiver. It is
well known that this receiver is optimal in the minimum of probability of error sense in
demodulation of a single existing user in AWGN environment. In demodulation of a user in
CDMA system, the noise components from the different matched filters are not uncorrelated due
to the cross-correlation between users. Hence, the colored noise should be taken into
consideration in demodulation.

The performance of the conventional detector can be acceptable, when the received
signals have the similar energies and the waveforms have low cross-correlation. Basically, the
user with high power makes detection of users with low power impossible. This is known as the
near-far effect problem. To combat this problem it is required to use accurate power control and
design waveforms with as low cross-correlation as possible. However, it is typically not possible
to design codes that are orthogonal in the receiver, either because the transmissions from

different users are uncoordinated (asynchronous) or that the channel is a multipath channel. As a
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consequence, in asynchronous and multipath CDMA systems, the conventional receiver will
always suffer from the near-far effect, and the performance will be limited by the interference
from other users. Multiuser detection is then a good method to cope with the problem of near-far

effects and the interference limited performance.

3.2 Linear Detector

In general, there exist many optimum detectors for a DS-CDMA system, but they usually
require a high computational complexity. For example, the complexity of the maximum
likelihood (ML) detector grows exponentially with the number of users. One class of detectors
with substantially lower complexity is the linear filter detectors. For these detectors, the
complexity increases linearly with the number of users. There are two well known linear
detectors, i.e., the decorrelator detector and the MMSE detector. The former will decorrelate the
channel making the information of interest orthogonal to the interference. Nevertheless, its
major drawback is the noise enhancement due to the inverse filtering. The latter does not
completely remove the interference, which for low signal-to-noise ratios results in better
performance since the noise is not enhanced in the same way as the decorrelator does. It has
been shown that, for very low signal-to-noise ratios the MMSE detector converges to the
conventional receiver, and for the high signal-to-noise ratios it converges to the decorrelator. We

shall then focus on the MMSE linear multiuser detector

3.3 MMSE Linear Multiuser Detector

In the estimation theory, it is a problem of estimating a random variable W based on a
given set of observation Z. This can be done by choosing the function W(Z) that minimizes the
mean-square error (MSE), i.e.,

E%W -1 (z)f (3.1)

O
B

The solution to this problem is the conditional-mean estimator:
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w(z)=E[w | Z] (3.2)
Basically, it requires the joint distribution of W and Z to obtain W(Z) To avoid this

difficulty, one can minimize MSE within the restricted set of linear transformations of Z. Then,
the linear minimum MSE (MMSE) estimator is easy to compute and it depends on the joint
distribution of W and Z through only their variance and covariance.

Recall from Eq.(2.13), where y = RAb +n , one can notice that the matched filter output
of the & th user, y;, depends only on the transmitted bits, the signature cross-correlation and the
noise. Therefore y is a sufficient statistic for estimating the transmitted bits, b. As a result, the

decision algorithm for the MMSE detector can be implemented into two steps [5]. First a linear

estimate b =My of the transmitted bits b is obtained from the matched filter output y. Second

the estimate b is compared to a threshold of zero, and the final bit estimates are obtained to be

the value of sgn(B). The best estimate M linear transformation can be obtained by minimizing

min £{jp -6 (o -5) (3.3)
or, equivalently,
min E|“b - My||ZJ (3.4)
Since
X[ = trace{xx'} (3.5)
It can be shown from [2] that
min E[b - My|? |= minsrace{) + o 2ARA] '} (3.6)
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As a result, the decision output of the MMSE linear detector can be obtained by

b, = sgnEAi([R +0’A” _1y)k E
k

=son([R +02A]y),) (3.7)
where
_ (o c?0
o’A? =diagF—,....—[] (3.8)
DAlz Akz O

Observe that the dependence of the MMSE detector on the received amplitudes is only through

the signal to noise ratios (SNR) 4,/c. Figure 3.1 depicts the MMSE linear detector for the
synchronous DS-CDMA system.

Matched Filter >\ —> L —»5i
gl User 1 :_ bl[l]
Sync1
> |V|enfjhseedr ;ilter _,\» > ———>b,[]
() syno2 [R + azA‘z]_1
iy Matar;eec: Ellter —>\> > —— —}};K[i]
Syfm K —

Figure 3.1: MMSE linear detector for a synchronous DS-CDMA system.

Figure 3.2 illustrates MMSE linear detection for two synchronous users. In this case, we have

+0
[R+02A7]= %+_% %p EE
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Figure 3.2: The MMSE linear detector for two synchronous users.

As known in the literature, the single-user matched filter detector is optimized to combat the
background white noise, while the decorrelating detector eliminates the multiuser interference
regardless of the background noise. Therefore, MMSE linear detector can be seen as a
compromise solution that takes into account the background noise and the interference of each
user. One can consider the conventional detector and the decorrelating detector as a special case
of the MMSE linear detector.

If we fix A; and let A,, ..., Ak — 0, then the first row of [R + aZA‘Z]_l becomes

JA 00 (3.10)

which corresponds to the matched filter for user 1. As o increases, [R +0'2A_2]_1 becomes a

strongly diagonal matrix. Accordingly, the MMSE detector approaches the conventional detector

as o — o. On the other hand, if we hold all the amplitudes fixed and let ¢ — 0, then
[R+o2A7]" R (3.11)

As a result, the MMSE linear detector converges to the decorrelating detector as the signal-to-

noise ratios go to infinity. This fact implies that the MMSE linear detector has the same
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asymptotic efficiency and near-far resistance as the decorrelating detector. Moreover, the MMSE
linear detector also achieve optimum near-far resistance.
In asynchronous DS-CDMA systems, the MMSE linear detector is K-input, K-output,

linear, time-invariant filter with transfer function
[ R[1]z + R[0] + 6®A? + R[1]z*]* (3.12)

Note that the inverse matrix in Eq.(3.12) always exists because it is the sum of a nonnegative

definite matrix and the diagonal positive definite matrix c?A™.
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4. Implementations of the MMSE Linear Detector

This chapter discusses practical ways to implement the linear MMSE detection. They

include adaptive MMSE and blind MMSE multiuser detection algorithms.

4.1 Adaptive MMSE linear Multiuser Detection

The adaptive MMSE linear multiuser detection scheme is attractive mainly because of its
ease of implementation. This adaptive MMSE detection method does not require on-line
computation of impulse response, knowledge of crosscorrelations, and in general, the signature
waveforms of interfering users. The adaptive implementation of MMSE can learn the desired
filter impulse response from the received waveform, provided that the data of the desired user is
known to the receiver. In practice, this scheme requires transmission of a training sequence, a
string of data known to the receiver, prior to the transmission of actual data. The receiver uses an
adaptive law to adjust its linear transformation while the training sequence is in transmission. If
correlations and amplitudes vary over time, training sequences can be sent periodically to
readjust the receiver. It is also common to perform fine adjustment of the linear transformation
(once the adaptive algorithm has converged and the transmission of training sequence is
completed) by letting the adaptive algorithm run with decisions made by the detector in stead of
the true transmission data.

We will use the steepest decent method to derive the adaptive MMSE detection. Before
applying the method, a review of the elements of gradient descent stochastic optimization should

be in order at this point. The function (convex) to be minimized, with respect to 6, is

W(6) = E[9(X.0)] (4.1)

where X is a random variable. Start off with 8q, and use the recursive equation
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Bj+1 =6 - Ul (6) (4.2)

Replace the unknown [ (6;)= EOg(X,6;) with its “noisy” version [g(X+1,6;). The new

recursive equation is
Bj+1 = 6) - HOY(X;+1,8y) (4.3)

4.1.1 Adaptive MMSE in the synchronous case

Let us now apply the forgoing general framework to the derivation of an adaptive MMSE
linear detector in the synchronous case. The MMSE linear detector for user 1 correlates the

received waveform with signal c1 that minimizes
EL (b1 <c1y>)’] (4.4)
The minimization fits the stochastic framework with
g(X,c1) = (b1 - <c1y>)’ (4.5)

The independent and identically distributed observations used in the stochastic approximation are
X; = (balil, Li]), where

v = i A:b, s, (¢ = jT) +n(2), e O[T, (j + DT (4.6)

Therefore, all we need to do to specify the gradient descent algorithm is to obtain the gradient of
(by - <c1,y>)* with respect to c;, which equals 2(<c;,y> - by)y. It follows that the adaptive

algorithm is

C1[i] = ¢1[i-1] - p<calj-11, ylil>, y0il - baliD) y[il (4.7)
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In words, the update of impulse response is equal to the received waveform scaled by the error
between the known data and filter output. Using matrix notations, with the sequence of received
vectors being

r[n] = SAb[n]+om[n] (4.8)
where m is an L-dimensional Gaussian vector with independence unit variance components, and

S LxK matrix of signature vectors S = [s; S, .... Sx]. The finite-dimensional version of the

adaptive algorithm becomes
va[n] = vi[n-1] - u(v1"[n-1]r[n] - ba[n]) r{n] (4.9)
It can be proved that this algorithm converges globally when p decreases suitably. To ensure

stability, step size must be smaller than pmax = 2/(0°+Amax), Where Amax is the maximum

eigenvalue of

K
;Akz S, S (4.10)

If the MMSE filter corresponds to
vi = E[rr']™" E[bar] (4.11)
then the expected error the adaptive filter and the desired solution is

EIV,[n] - Vi1 = EIV,[n =11 - v;1= WEDTnlr” [nlv,[n =101+ pElre” Iv;
=[1 - EIre TIELV, [n 1] - v;] (4.12)

4.1.2 Adaptive MMSE in the Asynchronous case
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If we take a one-shot approach, the adaptive MMSE in the asynchronous case will be the
same as that in the synchronous case, i.e., the adaptive algorithm holds verbatim in both cases.
The expected error, however, is different in the asynchronous case because of the dependence of

the observations in the adjacent blocks.

4.2 Blind MMSE Multiuser Detection

Adaptive algorithms that operate without knowledge of channel inputs are called blind.
The blind MMSE detector does not require sequence training but does need signature waveform
and timing of the desired user. Let us define

MOE(xy) = E[(<y,c1>)’] = E[(<y,s1+X1>)’] (4.13)

Here we express Ci, using canonical representation, as Si+X;, where <s;,x;> = 0. The

unconstrained gradient of MOE(x;) is

[OMOE = 2<y,s1+X1>Y (4.14)

The component in this gradient orthogonal to s; is a scaled version of the component of y

orthogonal to s;:

y - <y,$1>81 (4.15)

Therefore the projected gradient (orthogonal to s;) is

2<y,51+%1> [y-<y,81>81] (4.16)

If we denote the responses of the matched filters s; and s;+x4[i-1] by Zue[i] = <y[i],s1> and Z[i]

= <y[i],s1+x1[i-1]>, respectively. Then the stochastic gradient adaptive rule is

xa[i] = xa[i-1] - p Z[i](y[i] - Zweli]s1) (4.17)
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Figure 4.1: Blind adaptive multiuser detection.

This adaptive MMSE algorithm is depicted in Figure 4.1. In the absence of information about

interfering waveforms (or for ease of implementation the natural choice of the initial condition

would be xi[i] = 0. The adaptive rule converges to linear MMSE detector (which achieves
maximum near-far resistance) using no more information than the single-user matched filter

(which yields zero near-far resistance), namely, the desired user’s signature and its timing.

In the practical implementation of this adaptive algorithm, finite precision round-off error
may have a cumulative effect that drives the updates well outside of the required orthogonal
subspace. This can be remedied by occasionally replacing the update xi[i] by its orthogonal
projection: xi[i]-<xi[i],s1>s;. Regarding the implementation of this adaptive algorithm, we make
the following observations [6]:

1. Implementation with finite-dimensional vectors rather than continuous-time signals. For the
sake of reducing computational complexity and improved speed of convergence, it is
desirable to use vector space with lowest dimension that contains the desired and interfering
signals.

2. Improved convergence with more complex recursions.

3. Implementation in asynchronous channels.
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5. Performances of the MMSE Linear Detector

Since the MMSE linear detector converges to the decorrelator as o — 0, its near-far

resistance and asymptotic multiuser efficiency are identical to those of decorrelator, i.e.,

(5.1)

in the synchronous case, and
1 = ) -1+ T
= EQB_H R e +R{d +He ], dw@ (52)

in the asynchronous case.

In a special case where we have high signal-to-noise ratio channels with linearly
independent signature waveforms, the MMSE detector can obtain a very small performance
improvement over the decorrelator. However, the key advantage of the MMSE detector is the
ease with which it can be implemented adaptively.

In a synchronous case, the first component of the output of the linear MMSE

transformation can be expressed as
- K el
(M), =([R + oA 1y)l =31§)1 +3 Bib, §+0n1 (5.3)

where

Mo =[R+o?A7]" (5.4)

5. Performances of the MMSE Linear Detector 32




Bk :E (5-5)
B, =4,(MR), (5.6)
i, ~ N0, (M"RM"),) (5.7)

The leakage coefficient [, expresses the contribution of the k th interferer to the decision

statistic with respect to the that of the desired user. As a result, the error probability is given by

ORI Eg(MT’;M Z % (5.8)

.....

107

W Error

=23-— Infinite-User Limit

| Single-User
| Matched Filter

Probability «

Signal-io-Noise Ratio (dB)

Figure 5.1: Bit-error-rate with two users and cross-correlation p = 0.8: (a) Single-user matched filter;
(b) Decorrelator; (c) MMSE; (d) Minimum (upper bound); (e) Minimum (lower bound).

Figure 5.1 computes the Eq.(5.8) in the special case of two users with the cross-correlation equal

to 0.8. The signal-to-noise ratio of the desired user is equal to 10 dB. The error probability is
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plotted as a function of the near-far ratio A,/A; and it is also compared to the error probability of
the single user matched filter, the decorrelator, and the optimum multiuser detector. Observe that
for sufficiently low interferer power, the error probability of MMSE detector is better than that of
decorrelator. For slightly high interferer power, the MMSE detector performs similar to the
decorrelator and much better than the single user matched filter.

According to the numerical and analytical results from [7], it has shown that the bit-error-
rate of the MMSE detector is better than that of the decorrelator for all levels of background
Gaussian noise, number of users, and cross-correlation matrices.

Consider the case where random binary-valued signature sequences are used. Recall Eq.

(3.6), i.e.,
mwi|n EMb - My”z]: mNiln trace{[l + J_ZARA]_l} (5.9)

If all the users have equal power, the MMSE for the k th user is the k th diagonal element of the

matrix

42 O
A+4 R (5.10)
[l [l

By averaging the minimum mean square error with respect to all possible signature waveforms

and evaluating it as the number of users goes to infinity (K - oo), Verdu [2] has shown that the

minimum mean square error with random binary sequences converges to

1I<|[rlmk|nE[ ck, ] 1_EA_w% BE (5.11)

where the expectation is with respect to the noise and transmitted data, and
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W(x,z)=§\/x(|.+\/;)2+1—\/x(1—\/;)2 +1§ (5.12)

Since the signal-to-interference ratio achieved by the MMSE detector is upper bounded by A%/c?,

the signal-to-interference ratio converges in mean square sense to

= (5.13)

2
1 + AMMSE

0.2

Recall that in the single user matched filter case, the signal-to-interference ratio converges in

mean square sense to
lim2 =2 (5.14)

Consequently, one can see that in the single user matched filter case, every interferer contributes
an interfering power equal to its power divided by the spreading gain N, while in MMSE

processing that interfering power is further reduced by a factor of

! (5.15)

2
l + AMMSE

0_2
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6. Conclusions

DS-CDMA is the most commonly proposed CDMA system for the third generation of
mobile systems. It has many advantages as explained in section 1.3. However, its performance
is mainly degraded by the near-far problem and the multiple access interference. One way to
circumvent these difficulties is to utilize a multiuser detector.

There are many optimum multiuser detectors for a DS-CDMA system, but they
practically require a high computational complexity which grows exponentially with the number
of users. To reduce the computational complexity, linear detectors may be employed because
their complexity increase linearly with the number of users. The MMSE linear detector is one of
such linear detectors.

The single-user matched filter detector is optimized to combat the background white
noise, while the decorrelating detector eliminates the multiuser interference regardless of the
background noise. Therefore, MMSE linear detector can be seen as a compromise solution that
takes into account the background noise and the interference of each user.

The MMSE linear detector has shown that it approaches the conventional detector as o —
oo and converges to the decorrelating detector as the signal-to-noise ratios go to infinity. As a
result, the MMSE linear detector has the same asymptotic efficiency and near-far resistance as
the decorrelating detector. Furthermore, the MMSE linear detector achieves optimum near-far
resistance.

The decision algorithm for the MMSE detector can be implemented into two steps. First

a linear estimate b = My of the transmitted bits b is obtained from the matched filter output y.

Second the estimate b is compared to a threshold of zero, and the final bit estimates are obtained
to be the value of sgn(B). The key advantage of the MMSE detector is the ease with which it can
be implemented in an adaptive mode, which requires no priori knowledge of signature

waveforms, or in a blind mode, which avoids the need for training sequences altogether.
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